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I.

CURVILINEAR CO-ORDINATES

A coordinate system consists of four basic elements:
1. Choice of origin
2. Choice of axes
3. Choice of positive directions for each axis
4. Choice of unit vectors for each axis
The three most common coordinate systems are: Cartesian, Cylindrical and Spherical
coordinates.

A.

Cartesian Coordinates

1. Choice of origin: Choose an origin O. If you are given an object, then your
choice of origin may coincide with a special point in the body. For example, you
may choose the mid-point of a straight piece of wire.

2. Choice of axis: Now we choose a set of axes. The simplest set of axes, known
as the Cartesian axes, are x-axis, y-axis, and the z-axis. Then each point in space
P can be assigned (x, y, z), the Cartesian coordinates of the point. The ranges of
these values are: −∞ < x < +∞, −∞ < y < +∞, −∞ < z < +∞.
3. Choice of Positive Direction: Our third choice is an assignment of positive
direction for each coordinate axis. Conventionally, Cartesian coordinates are drawn
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to the plane of the paper. The horizontal direction from left to right is taken as
the positive x-axis, and the vertical direction from bottom to top is taken as the
positive y-axis. In physics problems we are free to choose our axes and positive
directions any way that we decide best fits a given problem.
4. Choice of Unit Vectors: We now associate to each point in space, a set of three
unit directions vectors (î, ĵ, k̂). A unit vector has magnitude one.
In Cartesian coordinates an infinitesimal displacement vector ds between two points P 1
and P 2 can be decomposed into
d~s = dxî + dy ĵ + dz k̂.

(1)

An infinitesimal length in such coordinate system is given by
dL = |d~s| =

p
dx2 + dy 2 + dz 2 .

(2)

and an infinitesimal volume by
dv = dxdydz.

B.

(3)

Cylindrical Coordinates

We first choose an origin O and an axis we call the z-axis with unit vector ẑ pointing
in the increasing z-direction. Its value ranges from −∞ ≤ ρ < +∞. The coordinate ρ
measures the distance from the z-axis to the point P . Its value ranges from 0 ≤ ρ < +∞.
We define φ as the angle in the counterclockwise direction from x-axis to the line joining
from the origin to the projection of point P on xy-plane. φ can take value from 0 ≤ φ < 2π.
The coordinates (ρ, φ) in the plane z=constant are called plane polar coordinates. Our
complete coordinate system is shown in Figure. This coordinate system (ρ, φ, z) is called
a cylindrical coordinate system.
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If you are given polar coordinates (ρ, φ) of a point in the plane, the Cartesian coordinates (x, y) can be determined from the coordinate transformations:
x = ρ cos φ, y = ρ sin φ.

(4)

Conversely, if you are given the Cartesian coordinates, the polar coordinates may be
represented as
p
x2 + y 2 , φ = tan−1 (y/x)

ρ=

(5)

In cylindrical coordinates an infinitesimal displacement vector ds between two points P 1
and P 2 can be decomposed into
d~s = dρˆ
̺ + ρdφϕ̂ + dz k̂.

(6)

An infinitesimal length in such coordinate system is given by
dL = |d~s| =

p

dρ2 + ρ2 dφ2 + dz 2 .

(7)

and an infinitesimal volume by
dv = ρdρdφdz.

C.

(8)

Spherical Coordinates

We first choose an origin O. Then we choose a coordinate, r, that measures the
radial distance from the origin to the point P . The coordinate r ranges in value from
0 ≤ r < +∞. The set of points that have constant value for are spheres.
Any point on the sphere can be defined by two angles (θ, φ) and r. The angle θ is
defined to be the angle between the positive z-axis and the line from the origin to the
point P . it ranges 0 ≤ θ ≤ π. The angle φ is defined in a similar fashion to polar
coordinates.
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If you are given spherical coordinates (r, θ, φ) of a point in the plane, the Cartesian
coordinates (x, y, z) can be determined from the coordinate transformations
x = r sin θ cos φ,
y = r sin θ sin φ,
z = r cos θ.

(9)

In spherical coordinates an infinitesimal displacement vector ds between two points P 1
and P 2 can be decomposed into
d~s = drr̂ + rdθθ̂ + r sin θdφφ̂.
An infinitesimal length in such coordinate system is given by
q
dL = |d~s| = dr 2 + r 2 dθ2 dφ2 + r 2 sin2 θdφ2 .

(10)

(11)

and an infinitesimal volume by
dv = r 2 sin θdrdθdφ.

(12)

